Gluon mass generation is investigated for 4-dimensional SU (N ) Yang-Mills in conventional covariant and in background field gauges within an effective description that, through a parameterization, can be regarded as a massive gluon model, or as a Nambu-Jona-Lasinio-like expansion around a massive leading order while preserving the Yang-Mills Lagrangian. We employ a renormalization scheme that introduces the ratio of the gluon mass parameter m to the saturation value of the gluon propagator. This, along with the mass m(µ) and the strong coupling αs(µ), provided the fit parameters for comparison with SU (3) lattice results renormalized at the scale µ. We obtain two types of solutions with satisfactory fits. Within the proposed expansion, we show the conditions under which it is possible to obtain an exactly vanishing longitudinal self-energy for any gauge parameter ξ in the background field case. However, such a result in conventional covariant gauges is unattainable by the given expansion as it is, indicating that more sophisticated versions with dressed vertices are likely necessary. We argue that the conditions under which transversality takes place are consistent with Schwinger-Dyson results for the ghost dressing function also.
I. INTRODUCTION
It is a well-known fact that Quantum Chromodynamics (QCD) can be described perturbatively in the ultraviolet and that, as the energy scale decreases, one must resort to either nonperturbative or effective descriptions. To make sense of this strongly interacting, multi-particle quantum dynamics, and how it leads to a colourless spectrum, is in fact a highly non-trivial task, and one of the main open problems in Physics.
Even at zero temperature, some sort of phase transition must occur, as the degrees of freedom of QCD are not the observed ones, and an actual description of how the theory undergoes confinement is a major, yet long-term goal in the area. Progress has been steadily made on the investigation of the infrared (IR) behavior of the QCD degrees of freedom, particularly their correlation functions, through a variety of approaches, e.g. lattice calculations [1] [2] [3] [4] [5] , Schwinger-Dyson equations (SDEs) [6] [7] [8] [9] [10] [11] [12] [13] , nonperturbative quantization [14, 15] , nonperturbative renormalization group [16, 17] , and effective Lagrangians [18, 19] .
While chiral symmetry breaking and the significant dynamical masses of quarks have long been known to be a key feature of nonperturbative QCD, during the past decade it has been established that dynamical mass generation also happens in (pure) Yang-Mills (YM). Suggestions that gluons might develop a massive behaviour date further back [20, 21] , while early SDE calculations [22, 23] did not consider those. As technical power increased, SDE studies pointed to two types of solutions for the YM propagators: the scaling, and the decoupling ones [24] . The former consists in an IR enhanced ghost * faa68@pitt.edu propagator and an asymptotically zero gluon propagator as the momentum p 2 → 0, while in the latter scenario the ghost dressing (i.e. its propagatorG(p 2 ) times p 2 ) is finite and the gluon propagator remains finite and nonzero. As other approaches, especially lattice [25] and the Refined Gribov-Zwanziger [26] , presented results in agreement with the decoupling solution, it has become the most widely accepted one.
Of course, the collection of results on these Green functions is gauge-fixed. There are investigations, for instance, in Coulomb [27] and in maximal Abelian gauges [28] , and so far the most explored one is the Landau gauge [6, 12, 18, 29, 30] . In fact, one can safely say that the decoupling solution is well established for Landau gauge YM in D = 4 and D = 3 dimensions [31, 32] , while the D = 2 theory seems to agree with the scaling solution [33] .
The decoupling solution means that the gluon propagator is damped in the IR, and this damping can be described by a gluon mass [34] [35] [36] , which is dynamically generated and intrinsically dependent on the momentum, so the propagator nonperturbatively undergoes the transition
Dynamical mass generation itself shows that quantum fluctuations might generate behaviours that are unattainable by a perturbative expansion from the Lagrangian, which assumes both (1) a finite-order truncation in the usual perturbative expansion, and (2) that it is done around the perturbative, ultraviolet vacuum. However, confinement seems to somehow involve a transition of the vacuum state of the theory: whether the leading feature is non-trivial vacuum condensates [37] , dynamical mass generation [38, 39] , Gribov copies [40] , or topological conarXiv:1601.02067v2 [hep-ph] 27 Jan 2016 figurations such as instantons or vortices [41, 42] , and whether or not these features are related to each other is currently object of investigation, in YM and QCD, in zero and finite temperatures. The understanding of the nonperturbative vacuum is likely one essential step towards actual description and understanding of confinement.
There are, also, proposals to circumvent assumption (1) above by constructing improved versions of the usual perturbative QCD series [43] [44] [45] , with e.g. a scheme for better convergence [43] or the incorporation of nonperturbative effects [44] , which include certain phenomenological calculations employing dressed gluons with an effective mass [46, 47] . Other approaches, more directed to the nonperturbative domain, introduce nonperturbative quark [48] [49] [50] or gluon [18, 51, 52] masses into loop expansions.
However low (yet non-zero) the gluon mass scale is, it does spoil unitarity in such models, which is currently an open problem if one is to compute scattering processes. As argued in [19] , these non-unitary models can be regarded as an effective, leading description within a given range of applicability, which might exclude the deep ultraviolet. Perhaps, concerning unitarity, it comes down to the point that the gluon mass is intrinsically dynamical, going to zero sufficiently fast at high energies [35, 53] , and whose precise description would inevitably be nonlocal.
Although the Curci-Ferrari (CF) [54, 55] model is not unitary [56] , one of its extensions [57, 58] is both unitary and renormalizable (the CF Lagrangian and the local mass term m 2 A 2 are also renormalizable [59] ), and has been recently applied to the study of YM correlators in (non-linear) covariant gauges [58] . The latter is one of the recent efforts [60] [61] [62] [63] [64] on the study of covariant gauges [65, 66] .
In fact, most of the evidence for a gluon mass comes from Landau gauge calculations, and it is presently an open question how dynamical mass generation works for gluons in other gauges, particularly the R ξ class. So far, lattice [62] and Refined Gribov-Zwanziger [67] approaches obtain a tree-level form for the longitudinal component of the gluon propagator at the nonperturbative level, thus respecting the corresponding SlavnovTaylor identity (STI). Among the SDE calculations, until now only the ones within the framework of the Pinch Technique (PT) satisfy transversality of the gluon selfenergy within each truncation [68, 69] . For SDE calculations in the usual framework, as well as for effective models with massive gluons [18, 52] , there is no guarantee that the longitudinal component will not receive corrections, which means the truncation (or the model) violates this essential symmetry. In fact, as we will show, even in Landau gauge a non-zero longitudinal self-energy is generated in massive gluon expansions.
The problem with transversality is twofold. From first principles, the longitudinal component 1/ξ in linear covariant gauges originates from the width of the gaugefixing distribution [70] , and it remains unaffected due to BRST [71] symmetry -both in its conventional form and in its extension to the nonperturbatively quantized Gribov-Zwanziger action [67] . Second, from the practical side, a nonzero longitudinal self-energy might generate extra longitudinal terms or spurious polarization states, making further applications of such expansions potentially inaccurate or ambiguous.
In other words, generating a nontrivial longitudinal dynamics breaks not only BRST symmetry, but also the fact that gluons are fundamentally two dynamical degrees of freedom. In this sense, this problem is present even in Landau gauge, where the tree-level form 1/ξ projects the longitudinal propagator to zero unless its self-energy has a singularity in ξ = 0 (see Eq. (20)), while the self-energy, and therefore the proper two-point function (i.e. the inverse propagator) are not identically zero. Ultimately, the problem of transversality is connected to describing the dynamically massive gluons as still having two and only two independent polarization states, in any gauge.
The present work aims to investigate transversality of the gluon self-energy in a loop expansion with massive gluons, similar to the ones employed in [52, 55] . Such an expansion can be regarded, on one hand, as a prototype for an improved loop expansion to be implementable in usual perturbative QCD calculations, which could extend their validity deeper into the IR and with faster convergence [72, 73] . In this aspect, technical simplicity is desired.
On the other hand, it can be useful as a simple tool to access the IR domain of the theory, and probe quantities and processes that belong or relate to this domain. Thus it could provide a link from the ultraviolet (UV) to the IR domain, while being a tool to explore the IR itself.
The question the present work aims to answer is: is there a form for an input gluon propagator, and a given sort of expansion that can yield a purely transverse gluon self-energy, by dressing only the gluon propagators (meaning, no dressed vertices)? How well do the results agree with other approaches?
As an exploratory calculation, we then propose a dressed-gluon, Nambu-Jona-Lasinio(NJL)-like [48, 74] expansion in R ξ gauges. We apply it to the gluon and ghost propagators in 4-dimensional pure YM, which can be compared to reported results from SDEs [60, 61] and lattice [62] . For the purposes of this paper, the matters of analytic continuation and unitarity will not be touched, all analysis being concerned with Euclidean space solutions for the given correlators.
After detailing the approach in Section II, in Section III we describe the implementation of self-consistency as a renormalization condition for the mass counterterm. In III B we present the results for conventional covariant gauges (CG), which are compared to lattice results from [62] and explored from there. In III C, we analyze results for background field gauges (BFG), which will lead to Subsection III D on the matter of transversality of the gluon self-energy. Then, we present the corresponding re-sults for the ghost propagator in IV, in V we make some preliminary observations on the renormalization group (RG) treatment and possible features of the paper's proposal, and from that we proceed to concluding remarks in VI.
II. THE NJL-LIKE PROPOSAL
It is known that effective models with massive gluons can successfully fit lattice data for YM Green functions [75] . One can take these sorts of approaches as effective models of YM in the IR [55] , or else as effective expansions [30] , in some kind of resummation or reorganization of the series. The present investigation contains both of these types of approach as particular cases, through the parameter λ given below.
Starting with the R ξ gauge-fixed YM Lagrangian,
where F is the gluon field strength, A the gluon field, ξ the gauge parameter, D the covariant derivative, c(c) the (anti-)ghost field, and the low dots and the squares represent Lorentz and color tracing. On the second line (2) we write it as the sum of kinetic terms, interaction ones, and counter-terms, respectively.
Then, inspired by the expansions of e.g. [48, 74] around a nonperturbative vacuum, we add a gluon self-energy term, L se , and an interaction term −λL se , so the new Lagrangian is:
The second line expresses that we shall treat L se now as part of the free Lagrangian, while the term −λL se is to be treated as a higher order interaction one. So, to order α s , the corresponding counterterm added will be
The idea is that the nonperturbative dynamics, and all its possible features mentioned in Section I, is effectively taken into account by the gluon self-energy.
We would like L se to mimic the nonperturbative gluon self-energy. According to many results in Landau gauge [6, 34, 62] , the dynamical gluon mass is purely transverse. However, as it will be explicitly shown, a massive model in Landau gauge does generate a longitudinal self-energy altogether -although the propagator is zero, the selfenergy is not.
So, in order to explore the mass generation in R ξ , we consider not only a transverse, but also a longitudinal mass, through the following self-energy Lagrangian:
where we assume that the non-local operator ∂ µ ∂ ν ∂ −2 is well-defined for the gluon states in question. Were we aiming at a more complete, properly formal approach, we could introduce auxiliary fields and, with a new local Lagrangian, explore the symmetries and possibly write extended versions of Slavnov-Taylor identities, as some approaches do [67, 76] . However, since the objective so far is to explore the properties and effects of this dressed expansion to 1-loop, we will restrict ourselves to employing the corresponding gluon propagator, given by
where Two values of r will be of our concern: r = 0 and r = ξ. The former corresponds to a purely transverse L se , and therefore a massive transverse gluon propagator together with the usual tree-level longitudinal part. The latter corresponds to the local m 2 A 2 Lagrangian term, which leads to the usual massive vector boson propagator that describes three independent polarization states.
Moreover, based on (4) and (5), the counterterms corresponding to the A µ A ν term are:
where δ T and δ L could in principle depend on r. As we will show, it turns out they do not.
So, the picture is the following: for λ = 0, we have a massive gluon model, while by keeping −λL se we can treat it as of O(α s ), and then properly set λ = 1 in the 1-loop result, in a similar manner to NJL's approach and some of its extensions [48, 77] . Keeping λ as a parameter allows us to explore how well can these two approaches work.
III. GLUON PROPAGATOR
We write the gluon propagator, decomposed into transverse and longitudinal components, as
Denotingᾱ := N α s /48π and s := p 2 /m 2 , we can write our 1-loop result as
where f T and f L are shown in Appendix A for both CG (A 1) and BFG (A 2). Before we consider their specifics, we should deal with the presence of the m 2 counterterms, making it necessary to impose two renormalization conditions. In principle there could be three, one for δ L as well. However, as one can see from all results in Appendix A, the m 2 /(D − 4) pole in each G T is the same as in the corresponding G L . In other words, the m 2 UV divergences are diagonal, and therefore we can renormalize G L by setting δ L = δ T , while we present below some reasons for choosing a given δ T scheme.
A. Self-consistency as a renormalization scheme First, we verified for our loop results that, in general, different renormalization schemes (MS included) yield, up to an overall multiplicative factor, consistent results provided the initial values of parameters and renormalization scale are properly chosen.
We definitely do not have the same degree of arbitrariness for renormalization as we have in perturbative QCD, and we do not have pole mass conditions, since gluons are confined. One reference we do have for the gluon mass is the lattice computations. Specifically, the lattice saturation value G T (0) can be directly related to the saturation of the dynamical mass, m g (0), through Eq.(1). Thus, one can take m g (0) from the lattice as a sort of boundary condition, which will renormalize the m 2 UV divergence.
At this point, we recall that the self-consistency requirement in NJL's work [74] implied a relation between the mass and the cutoff, and note that by taking a renormalization condition for δ m from self-consistency, the requirement will thus determine the dependence of the effective gluon mass m with the renormalization scale µ. That is,
is directly given by a self-consistency condition. Now, concerning what would be a reasonable selfconsistency condition within the present proposal, we recall that similar NJL-like approaches were employed to study dynamical quark mass generation [48, 77] . Ref. [48] , for instance, imposes that the quark self-energy is zero in the limit p 2 /M 2 → 0, where M is their quark version of our gluon mass m.
As explained above, our choice will concern the saturation of the gluon propagator. Specifically, for the transverse gluon self-energy:
we can impose, as self-consistency condition:
Condition (11) states that the ratio m g (p 2 = 0)/m between the saturation value of the dynamical gluon mass and the transverse mass parameter of the model will equal √ 1 + z 0 .
In the point of view where the present expansion is an approximation of the SDEs with bare vertices and m g (p 2 ) is approximated as a constant m, it is fair to take m as some sort of average of m g (p 2 ). Since the latter is monotonically decreasing [78] , one expects that m g (0) ≥ m > 0, i.e. z 0 ≥ 0. However, we will allow z 0 to be negative, in which case one can interpret m as an effective parameter that would account not only for the dynamical mass, but possibly other IR features, whether they would be condensates, vortices, or something else.
From (8) and (11), and writing δ T = δ m + δ Z , we obtain:
and, like in [74] , we note m = 0 as a possible solution, and as long as
is finite, there can also be non-trivial, m = 0 solutions.
So, employing (12) as a renormalization condition, we have:
Since λ is absorbed by δ m , G T is insensitive to λ, thus only G L will be able to tell us if there is one preferable value for it, either 0 or 1. We should remark, though, that this cancellation occurs in many other schemes, such as fixing G T (µ) and G T (µ), or fixing G T at two scales, for example.
Also, we note that a gauge-independent z 0 means we would be imposing the saturation value to be the same for all values of ξ. However, results from both lattice [62] and SDEs [60, 61] indicate that G T (0) would depend on ξ [79] . So we adapt our self-consistency condition to match the gauge-dependence evidenced by those, by making z 0 → z ξ (ξ) in the following way. Ref. [60] obtains solutions with
which in turn implies
Then, we can take from [62] the numerical value a 1 = 0.26, and implementing (14) we return to having only one variable z ξ (0) =: z 0 , which we call z 0 again.
Moving forward, δ Z (µ) is fixed through momentum subtraction scheme, specifically
The reason for choosing 1GeV at this point is because around this scale the solutions for distinct renormalization schemes displayed similar behaviors for closer parameter ranges. Then in a renormalization group analysis, µ = 1GeV can be taken for either lower or upper boundary condition, leading respectively to the UV or the IR behavior of the correlators and parameters.
At last, we have a renormalized G T containing z 0 , and we shall employ it as a parameter to fit our CG result to available lattice data from [62] , together with α s (µ = 1 GeV) and m(µ = 1 GeV).
B. Covariant gauges (CG)
The covariant gauge results for f T and f L in (8) and (9) are given in Appendix A 1 for arbitrary r and for r = 0. One can easily check that f L is nonzero for ξ = 0, and even in the sequence of limits r → ξ and then ξ → 0.
The poles at D = 4 are given by:
Following (13) and (15), we then fitted the lattice data for the covariant gauges, renormalized to 1 at 1 GeV, obtaining two sets of parameter ranges which correspond to the continuous and the dashed lines in Fig.1 .
The parameters for the continuous lines in Fig. 1 belong in the the following ranges:
For the dashed lines in Fig. 1 , the parameter ranges are: 
This shows that both types of solutions, namely z 0 > 0 and z 0 < 0, are able to reasonably approximate the lattice results. Although not displayed in Fig.1a , the saturation values given by the lattice (results from [62] renormalized to 1 at 1 GeV) are closer to the ones for the former case, z 0 > 0, which are the continuous lines in Fig.1 . Fig. 1b shows the dressing functions (p 2 G T (p 2 )) for these two sets of parameters, also with the corresponding quantity from the lattice [62] .
In order to explore our results, we will employ certain values for these parameters. Since we are truncating to O(α s ), we opt to use the z 0 > 0 set, (18) , for which a smaller coupling is obtained: α s (1 GeV) = 0.7. Fig. 2 shows respectively the transverse gluon propagator, the transverse dressing function, and the longitudinal dressing function (with λ = 1), for CG with r = 0 (continuous lines) and r = ξ (dashed lines).
One can see that the r = ξ dashed curves are practically identical to their r = 0 correspondents for each value of ξ. Moreover, Fig. 2c shows that a nonzero, momentum-dependent longitudinal self-energy is gener-
C. Background field gauges (BFG)
The corresponding plots for the BFG are shown in Fig.  3 below. In this case there is some quantitative difference between the r = 0 and r = ξ cases for the longitudinal dressing, yet they present the same qualitative behavior.
In fact, one remarkable result is that f L ∝ (r −ξ): that is, for r = ξ, the loop contribution to the BFG self-energy is purely transverse (see Appendix A 2). Moreover, there is no need for a mass renormalization in this case, so we present in Fig. 4 the BFG, r = ξ result for both λ = 1 (continuous lines) and λ = 0 (dashed lines), with G T (1 GeV) = 1 being the only renormalization condition.
There we see that the corresponding G T (p 2 ) for λ = 1 is, however, definitely not adequate. We discuss this matter in the next section. In Fig. 4 , we verify that, while the λ = 1, r = ξ BFG result yields a purely transverse self-energy, it leads to an IR enhanced G T , while the corresponding λ = 0 case displays the proper IR finite behavior. While this may be seen as an inconsistency, we recall that, by keeping λ as a parameter, we could consider a massive gluon model approach as well as a NJL-like one. So, nothing stops us from being more general and, instead of using (1 − λ)L se with Eq.(5), add the following expression to L YM :
So, by setting λ T = 0 and λ L = 1, the YM Lagrangian plus (24) is a massive gluon model with a tree-level transverse mass for which one employs the NJL-like "resummation" for the longitudinal part. Or, if one starts from the local massive model (with m 2 A µ A µ ), one should have to subtract the longitudinal mass term as further correction to the self-energy.
In other words, it is not by making r = 0, but by setting λ L = 1 while r = ξ that the model with a transverse mass gets to have a purely transverse self-energy in the BFG. For CG, this approach is definitely not sufficient to describe purely transverse gluon mass generation. We shall return to this point in Section VI.
One more aspect we can explore at this point is to compare the δ T = 0 results with the mass-renormalized BFG ones. This is to see how well G T in the scheme of Eq.(13) would approximate the purely transverse G T with δ T = δ L = 0. A comparison for the same set of parameters, extrapolated to a wider range in ξ, is shown in Fig. 5 .
The point of this comparison is that we still do not have a purely transverse result for the covariant gauges. Suppose one has a more complicated truncation, with dressed vertices, that would yield a purely transverse self-energy. Then one can address the question whether G T from the former could reasonably approximate the latter. Then a positive answer could be taken to justify neglecting the generated longitudinal self-energy for the purpose of an effective description within certain limits.
We also compare, in Fig.6 below, the two schemes for the z 0 < 0 set of parameters, (19) , extrapolated for higher values of the gauge parameter. Contrasting Fig. 6a with Fig. 5a , we see the large value of α s leads to a stronger gauge-dependence of the transverse saturation value in the δ T = 0 scheme, while in Fig. 6c the large coupling effect is evidently problematic, with singularities in the longitudinal dressing function. The fact that the larger α s case is problematic, and therefore potentially inaccurate, is related to these results being in plain perturbation theory, and RG improvement might correct these problems and yield more accurate solutions. The comparison of RG improved quantities shall be presented in a subsequent paper [80] .
IV. GHOST PROPAGATOR
The 1-loop result for the ghost propagator is given bỹ
(25) where F is the ghost dressing function, and f c is given in Appendix A 3. Renormalizing in momentum subtraction and setting F −1 (µ) =:
where σ := µ 2 /m 2 . The results for various gauges for r = 0 and r = ξ are shown in Fig.7 , with F µ = 1 and for both the z 0 > 0 and z 0 < 0 parameter sets.
We note that there is a qualitative distinction between the r = 0 and r = ξ cases. While the latter, that corresponds to a local massive Lagrangian, has ξ > 0 behaving similarly to the Landau gauge, the former, in which the gluon has a nonlocal transverse mass, has F (p 2 ) decreasing as p 2 decreases to the IR.
This difference in asymptotic behavior is to be contrasted with the results from [60] and [61] that the deep IR leading behavior is ξ-dependent and asymptotically vanishing. In fact, Refs. [60, 61, 70] show that this is connected to the masslessness of the longitudinal component of the gluon propagator, and this connection is manifest in our results.
Concerning the effects of dressing the ghost-gluon vertex, so far what is known is that its inclusion in the ghost SDE yields a ghost dressing function that is not IR enhanced in linear covariant gauges [70] . The coupled SDEs system for the ghost, gluon, and ghost-gluon vertex in covariant gauges is currently open to investigation, however the aforementioned connection between the ghost dressing's asymptotic behavior and the masslessness of the longitudinal gluon propagator supports that this specific feature would not be changed by vertex corrections.
We recall that the BFG transversality result from III C and III D involved a transversely massive gluon model with λ L = 1 but necessarily with r = ξ. Within the present approach, we can interpret this as consistent with the IR decreasing ghost result in the following way.
Starting from the Lagrangian with λ T = 0,
we remark that −λ L L se,L as an interaction term is to be present only in the gluon two-point correlator. That is, the sort of reorganization of the series around a massive gluon self-energy is only meaningful for the gluon propagator itself. So, in order to describe correlation functions other than the gluon's two-point while sticking with Lagrangian (27) , one should include the whole (1−λ L )L se,L term as part of the leading order gluon propagator.
From (24), we see that this amounts to changing
in our ghost result given in (A1). Therefore, with r = ξ and λ L = 1, the result reduces to (A2), and we obtain the continuous, IR decreasing curves of Fig. 7 . We remark that the substitution (28) should be done only for correlators other than the gluon's. To be clear, while r is the parameter that determines what form of dressed gluon propagator is to be employed, λ L is the parameter that tells whether or not the longitudinal part of L se must be subtracted, in the NJL-like expansion. Of course one can set λ L = 1 from the start for those correlators, still (1−λ L )rm 2 may serve as an IR regulator when convenient.
V. PRELIMINARY RENORMALIZATION GROUP ANALYSIS
In this section, we briefly sketch the ongoing RG analysis within the present framework and assumptions. Details and further results are left to a later paper [80] , but we show here the straightforward consequences of the self-consistency renormalization scheme and of the transversality result.
A. Self-consistency scheme
From the nontrivial solution of Eq. (13), one has that
where we wrote z 0 → z ξ . Then it follows that
(30) By construction, z ξ is given by
Therefore, putting (30) and (31) together, we have:
where
Expression (32), together with the current knowledge of dm 2 g (0)/dµ from Schwinger-Dyson equations, will be considered in a future paper [80] .
Eventually, having a mass counterterm allows for a perturbative RG treatment and, in the present scheme, leads to a beta function that is explicitly affected by a running mass parameter and by the saturation value of the dynamical gluon mass.
B. Purely transverse Background Field Gauge
For the purely transverse BFG result, given in Section III D and Figs.5 and 6, there is no mass UV divergence, thus allowing the non-renormalization δ m +δ Z =: δ T ≡ 0. Now, from the Slavnov-Taylor identities for the CurciFerrari model derived in [76] , one has the following relation:
where Z A and Z c are respectively the gluon and ghost wavefunction renormalization factors, Z 2 ξ the gauge parameter renormalization in the CF model, and
This implies
So this CF relation, together with δ T being identically zero, implies the usual BFG relation [69, 81] 
meaning all the leading RG logarithms are contained in the gluon wavefunction renormalization, and, as happens in QED, the product α s (µ)G T (p, µ) defines a RG invariant effective charge [69, 82] . Further corrections to it can be considered [82, 83] , and again a more complete analysis will follow in future paper [80] .
VI. CONCLUSIONS
In this paper an effective massive gluon expansion is explored in the context of gluon mass generation in covariant and background field gauges. This expansion has a mass parameter which is renormalized with reference to the saturation of the dynamical gluon mass that can be described in more sophisticated approaches, such as lattice and Schwinger-Dyson equations. Besides finding good agreement with results from those works [60] [61] [62] , we also argue that maintaining transversality of the gluon self-energy is a problem even in Landau gauge, and explicitly show that in covariant gauges neither a diagonal nor a transverse gluon mass can solve this problem within the massive gluon expansion.
We have also shown that it is possible to have a dressed gluon expansion which, at least at next to leading order, yields an identically vanishing longitudinal self-energy for gluons in background field gauges. It should be noted that the BFG presents a correspondence to the Pinch Technique [84, 85] , which so far is the only SDE framework that was shown to lead to a vanishing longitudinal gluon self-energy. Further features of the expansion in the BFG are explored in ongoing work [80] .
The transverse BFG result and the one for the ghost dressing that is consistent with SDE analyses can be taken as supporting a specific form of dressed gluon models or expansions for covariant gauges: one with a transverse gluon mass from the start may be a good IR effective description. This ultimately corresponds to a nonlocal effective Lagrangian that can be regarded as an approximation of a Lagrangian description of a dynamical gluon mass.
Moreover, the shifting provided
, whatever the gluon effective L se,L would be, is a NJL-like expansion for the gluon only. The BFG result tells us then the form of L se,L , namely the one in (24) , that yields the overall (r − ξ) factor in the longitudinal self-energy, and therefore the desired vanishing correction for r = ξ.
It is still unclear whether the longitudinal self-energy that generally arises could be simply factored out in further, phenomenological applications of such massive gluon models. From the knowledge given by SDE studies [34] , it is very likely that dressing vertices is a necessary condition for an effective description to preserve this specific BRST symmetry, however the inclusion of ansatze for vertices within an effective expansion might make it unsuitable for further applications as an improved perturbation theory.
Nevertheless, this sort of expansion can be employed to probe the infrared behavior of further correlation functions, thus providing some approximate knowledge that may be useful as hints or ansatze in Schwinger-Dyson studies, for instance.
Finally, the RG analysis, by taking boundary conditions in the range (18) or (19) , may discriminate between the z 0 > 0 and the z 0 < 0 solutions, respectively. This may as well favor one solution or another, or correlate them with certain behaviors for the RG functions within the model.
Work is in progress for obtaining information on vertices in general R ξ gauges [86] , as well as for analyzing RG properties in both covariant and background field gauges [80] . We show our results below, with 2 = 4 − D > 0.
Covariant gauges
In (9) and (8) 
